An exact formula is derived for the infrared singularities of dimensionally regularized scattering amplitudes in massless QCD with an arbitrary number of legs, valid at any number of loops. It is based on the conjecture that the anomalous-dimension matrix of n-jet operators in soft-collinear effective theory contains only a single non-trivial color structure, whose coefficient is the cusp anomalous dimension of Wilson loops with light-like segments. Its color-diagonal part is characterized by two anomalous dimensions, which are extracted to three-loop order from known perturbative results for the quark and gluon form factors. This allows us to predict the three-loop coefficients of all 1/ǫ k poles for an arbitrary n-parton scattering amplitudes, generalizing existing two-loop results.
Perturbative expressions for quark-gluon scattering amplitudes in massless QCD contain infrared (IR) singularities, which originate from configurations where loop momenta become soft or collinear. In predictions for physical observables these cancel against corresponding singularities from real gluon emission. Nevertheless, the IR singularities are interesting in their own right. After the cancellation of IR singularities logarithmic terms remain, which depend on the phase-space cuts imposed. For high-energy scattering processes with low-mass jets in the final states these Sudakov logarithms dominate the cross section. An understanding of the structure of IR singularities can be used to predict and resum these logarithmically enhanced contributions to all orders. It also serves as a consistency check on loop calculations.
Despite the fact that their origin is well understood, an all-order description of the singularity structure of QCD amplitudes is currently still lacking. An important step toward this goal was made by Catani [1] , who correctly predicted the singularities of two-loop amplitudes apart from the 1/ǫ pole term. His formula states that the product
where α s ≡ α s (µ), and |M n (ǫ, {p}) with {p} ≡ {p 1 , . . . , p n } denotes an ultraviolet (UV) renormalized, on-shell n-parton scattering amplitude with IR singularities regularized in d = 4 − 2ǫ dimensions, is free of IR poles through O(α 2 s ). The subtraction operators I (n) (ǫ) ≡ I (n) (ǫ, {p}, µ) are defined as
where s ij ≡ 2σ ij p i · p j + i0, and the sign factor σ ij = +1 if the momenta p i and p j are both incoming or outgoing, and σ ij = −1 otherwise. The quantities K and g i in (2) are related to anomalous-dimension coefficients given below as
) and
T F n f is the first coefficient of the QCD β-function. The sums in the expressions above are over all external partons. We use the color-space formalism of [2] , in which n-particle amplitudes are treated as n-dimensional vectors in color space. T i is the color generator associated with the i-th parton and acts as a matrix on its color index. Specifically, one assigns (T 
is given in terms of the quadratic Casimir operator of the corresponding color representation, i.e., C q = Cq = C F and C g = C A . Owing to color conservation, the scattering amplitudes fulfill the relation i T i |M n (ǫ, {p}) = 0. Because the operator T i · T j is color-conserving, this condition is also fulfilled after acting with I (1) or I (2) on the amplitudes. The scheme-dependent quantity H
R.S. , which only contains 1/ǫ divergences, was not specified in [1] except for the simplest case of the on-shell quark form factor. In subsequent two-loop calculations of the three-parton qqg amplitude [3] and of 2 → 2 scattering amplitudes [4, 5] it was observed that its color-diagonal part has a universal structure. However, the calculations of four-parton amplitudes also revealed the presence of a non-trivial color structure [5] . A conjecture for the form of this term for a general n-parton amplitude was made in [6] .
An interesting alternative approach to the problem of IR singularities of on-shell amplitudes was developed in [7] , where the authors exploited the factorization properties of scattering amplitudes [8, 9] along with IR evolution equations familiar from the analysis of the Sudakov form factor [10] . They recovered Catani's result (2) at two-loop order and related the coefficient of the unspecified 1/ǫ pole term to a soft anomalous-dimension matrix, which was unknown at the time. They also explained how their method could be extended beyond two-loop order. The two-loop soft anomalous-dimension matrix was later calculated in [11] , where its color structure was found to be proportional to that obtained at one-loop order.
In this Letter we propose an all-order generalization of Catani's result (2) valid for an arbitrary on-shell n-parton scattering amplitude. We find that in a minimal subtraction scheme the color structure of the IR pole terms is simpler than anticipated based on Catani's work [1] . In fact, to all-loop order the 1/ǫ pole term contains only the structures 1 and T i · T j . Our analysis is based on effective field theory and shares many similarities with that of [7] . However, in our case the hard, jet, and soft functions are defined in terms of matrix elements of different types of fields in the effective theory and are in one-to-one correspondence with different physical scales. The corresponding definitions in [7] are less intuitive.
Our key observation is that the IR singularities of onshell amplitudes in massless QCD are in one-to-one correspondence to the UV poles of operator matrix elements in soft-collinear effective theory (SCET) [12, 13] . They can be subtracted by means of a multiplicative renormalization factor Z (a matrix in color space), whose structure is constrained by the renormalization group (RG). SCET is the appropriate effective theory to analyze scattering processes at large momentum transfer, which involve jets (or individual hadrons) with small invariant masses. It separates hard contributions associated with the large momentum transfer from low-energy contributions associated with the small invariant masses of the initialand final-state particles. For a general n-jet observable, the effective theory involves a set of collinear fields for each direction of large energy flow, which describe the QCD dynamics inside the individual jets. It also contains soft quark and gluon fields, which mediate lowenergy interactions among the jets. Hard interactions are integrated out and absorbed into the Wilson coefficients of operators built from soft and collinear fields. A generic n-jet process is mediated by an effective Hamiltonian
, where the sum runs over a basis of SCET operators built from n distinct types of collinear fields. The bare matrix elements of these operators are UV divergent and are renormalized in the MS scheme. Their divergences are absorbed into a renormal-
For physical quantities, the scale dependence of the Wilson coefficients C n,i (µ) cancels against that of the matrix elements of the renormalized operators.
In a physical process with initial-and final-state hadrons, the soft and collinear scales are set by nonperturbative dynamics or experimental cuts. Let us now consider (slightly) off-shell n-parton amputated Green's functions G n ({p}). In this case the jet-scale Λ 2 J is set by the off-shellness p 2 i of the fields, and the soft scale is Λ s ∼ Λ 2 J /Q, where Q is a typical hard momentum transfer. The Green's functions are obtained by taking matrix elements of the above effective Hamiltonian, which can be written as
where we suppress the dependence of the quantities on the right-hand side on the parton momenta. To obtain on-shell n-parton scattering amplitudes from these Green's functions one takes the limit p 2 i → 0. This introduces IR divergences, which can be regulated by evaluating the effective-theory matrix elements in d = 4 − 2ǫ dimensions. Doing so renders the matrix elements of the operators O bare j trivial: in the limit p 2 i → 0 both the soft and the jet scales tend to zero, and all loop diagrams in the effective theory become scaleless and vanish. The bare matrix elements are thus reduced to trivial Dirac and color structures. Since the IR divergences are independent of the spin structure, we will not make the Dirac structures explicit but simply absorb them into the Wilson coefficients. The on-shell Green's functions are then directly proportional to the Wilson coefficients of n-jet SCET operators in the MS scheme. In the color-space basis notation of (2), the effective Hamiltonian reads H n = O ren n |C n , and we have
This notation is convenient but unconventional, in that our Wilson coefficients and operators are not separately color singlets and Lorentz scalars. The scattering amplitudes |M n (ǫ, {p}) are obtained by contracting the amputated on-shell Green's functions with the spinors and polarization vectors associated with the external particles. Their singularities are thus governed by the same Z matrix. The logarithm of the renormalization factor Z in (4) is related via Γ = −d ln Z/d ln µ to the anomalousdimension matrix Γ governing the RG evolution of the n-jet SCET operators O ren n . The same quantity controls the evolution of the Wilson coefficients, and hence of the minimally subtracted on-shell scattering amplitudes, via the evolution equation
We will now present a conjecture for the exact form of the anomalous-dimension matrix. In general, Γ = Γ c+s is determined by the anomalous-dimension contributions of collinear and soft modes in the SCET matrix elements. An important feature of SCET is that the interactions of collinear fields with soft gluons can be removed by field redefinitions and absorbed into soft Wilson lines [12] . Interactions with soft quarks are power suppressed and can be ignored. Moreover, the different collinear sectors in SCET do not interact with each other. This allow us to decompose Γ = Γ s + i γ i c , where the one-particle collinear contributions are diagonal in color space. Hence, contributions to the anomalous dimension involving correlations between several partons only reside in the soft contribution Γ s . After the decoupling transformation the soft matrix element is a vacuum expectation value 0|S 1 . . . S n |0 of n light-like Wilson lines, one for each external parton (see also [9] ). Here
where n i is a light-like reference vector aligned with the i-th particle's momentum. When the color indices are contracted into color-singlet combinations, the soft matrix element consists of one or more Wilson loops (closed at infinity), whose lines cross and or have cusps at the origin. The renormalization properties of Wilson loops have been studied extensively in the literature (see e.g. [14, 15, 16, 17] ). Based on these results and on other considerations to be explained in detail elsewhere, we propose that the exact expression for the anomalousdimension matrix of an n-jet operator in SCET in the color-space formalism is
The sums run over the n external partons. Here and below the notation (i 1 , ..., i k ) refers to ordered tuples of distinct parton indices. Our result contains three universal anomalous-dimension functions. The quantity Γ cusp is proportional to the cusp anomalous dimension of Wilson loops with light-like segments [17] , while γ q ≡ γq and γ g are anomalous dimensions specific for (anti-)quark and gluon fields. They are defined by relation (7). Our conjecture for the anomalous-dimension matrix is the simplest expression consistent with existing calculations. It implies that the cusp anomalous dimension characterizes the renormalization of Wilson lines even in the general case, where several lines meet at a single space-time point. The structure of the logarithmic terms in (7) agrees with an explicit two-loop calculation in [11] . For the quark and gluon form factors, the divergent terms are known to three-loop accuracy [18] . When applied to this case, our general relation (7) implies that the cusp anomalous dimensions in the fundamental and adjoint representations of SU (N c ) are related by Γ
This relation is indeed fulfilled to three-loop order [19] . The application to the form factors also determines the anomalous dimensions γ q ≡ γq and γ g to three-loop accuracy. In the effective theory the form factors are mapped onto two-jet operators containing two collinear quark or gluon fields. The corresponding three-loop anomalous dimensions were given in [20] . In the notation of these papers, we have 2γ
These results are valid in the standard dimensional regularization scheme with d-dimensional helicities.
The relation Γ = −d ln Z/d ln µ may be integrated to obtain a closed expression for the logarithm of Z. Using the relation β(α s , ǫ) = β(α s ) − 2ǫ α s for the β-function
where we have defined
When integrating over α in (8) , the scale µ in the argument of the logarithm in Γ must be kept fixed. Note that when acting on color-singlet states, the unweighted sum over color generators satisfies the relation
which follows from color conservation. Since both the scattering amplitudes and the anomalous dimension Γ are color-conserving, this relation can always be used in our case. It is understood that the result (8) n+1 and β(α s ) = −2α s n β n ( αs 4π ) n+1 , we find up to three-loop order the result
which only contains the two color structures present in (7). Exponentiation yields an explicit expression for Z, which simplifies since the different expansion coefficients Γ n commute. The relevant one-loop coefficients of the three anomalous-dimension functions are Γ term of ln Z is 1/ǫ n+1 , instead of 1/ǫ 2n for the Z factor itself. The exponentiation of the higher pole terms was noted previously in [7] .
The one-and two-loop coefficients of the matrix Z are closely related to Catani's subtraction operators I (1) and I (2) given in (2) . The conditions linking his objects to ours are that the differences 2I
(1) − Z 1 and 4I (2) + 2I
(1) Z 1 − Z 2 remain finite for ǫ → 0. Here Z n denotes the coefficient of (α s /4π) n in the Z factor. The first relation is indeed satisfied. The second one can be used to derive an explicit expression for the quantity H in (2) entering the two-loop coefficient of the 1/ǫ pole, which was not obtained in [1] . We find
which apart from the last term is diagonal in color space and universal in the sense that it is a sum over contributions from individual partons. Note that only the first term in this result is of a form suggested by (11) . The remaining terms in the first line arise because two-loop corrections involving the cusp anomalous dimension or the β-function are not implemented in an optimal way in (2). More importantly, the last term in (12) , which is present for four or more partons, arises only because the subtraction operators I (k) in [1] are not defined in a minimal scheme but also include O(ǫ k ) terms with k ≥ 0. Our expressions (11) and (12) reproduce all known results for the two-loop 1/ǫ k poles of on-shell scattering amplitudes in massless QCD. In addition to the on-shell quark and gluon form factors, these include e + e − →qqg [3] as well as all four-point functions of quarks and gluons [4, 5] . It further confirms the ansatz made for higherpoint functions in [6] . At the three-loop level, only the IR divergences of the quark and gluon form factors are known for the QCD case [18] . For N = 4 supersymmetric Yang-Mills theory in the planar limit, on the other hand, the four-point functions are known up to four-loop order [21] . The divergent part of these amplitudes factors into a product of square roots of form factors of neighbouring legs, which is consistent with the structure of our anomalous dimension, given that at leading order in 1/N c one has T i · T j → − Nc 2 δ ij for neighbouring legs and zero otherwise.
Let us briefly mention some applications and possible generalizations of our results. The most important one is the resummation of Sudakov logarithms in n-jet processes. The evolution equation (5) is simple enough to admit exact solutions in closed form, and the known three-loop anomalous dimensions allow for resummations at next-to-next-to-next-to-leading logarithmic accuracy. Our formalism can be generalized to processes involving massive partons by combining it with methods developed in [22, 23] . Since the IR poles must cancel between virtual and real corrections in a given physical process, our results for the virtual corrections could help to improve the analysis of real-emission corrections as well. Moreover, the great simplicity of our result (7) appears to hint at a universal origin of IR singularities that is disconnected from the genuine dynamics of the scattering amplitude itself.
